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A.  STATIiMl'NT  Ol'  'llli;  I’Wmi.liM  SI IIDI lill 


Boundary-value  problems  for  di  ri'ereiit  ial  aiul  fniulioiial  d  i  rfereiit  i  a  I 


equations  have  been  investigated.  In  case  t)f  ordinary  differential  c(|uations. 


the  major  concern  wiis  proving  existence  of  solutions  to  nonlinear  third-order 


boundary-value  problems.  In  the  area  of  functional  differential  equations, 
the  main  thixist  was  in  the  direction  of  differential  equations  with  piecewise 


constant  argument  (liPt’A.)  Tlie  theory  of  functional  differential  c'tiiiations  with 


continous  argument  is  well  developed  and  h:is  numerous  applications  in  natural 


and  engineering  sciences.  It  was  the  main  purpose  of  the  project  to  extend 
this  theory  to  some  classes  of  differential  equations  with  discontinuous  argu¬ 


ment  deviations.  The  investigation  of  EP(^  has  been  originated  earlier  in 


[1-4],  These  equations  represent  a  hybrid  of  continuous  and  discrete  dynamical 


systems  and  combine  properties  of  both  differential  and  difference  equations. 


Hence  their  importance  in  control  theory  and  in  certain  biomedical  problems 


[5],  All  EPCA  are  closely  related  to  impulse  and  loaded  equations  of  control 


theory  and,  especially,  to  difference  equations  of  a  discrete  argument.  Within 


intervals  of  certain  length  EPCA  have  the  strxicture  of  continuous  dynamical 


systems.  Continuity  of  a  solution  at  a  point  joining  any  two  consecutive  inter¬ 


vals  implies  recursion  relations  for  the  values  of  the  solution  at  such  points. 


Therefore,  EPCA  are  intrinsically  closer  to  difference  rather  than  to  differ¬ 


ential  equations.  A  typical  EPCA  is  of  the  form 


X  (t)  =  f(t,x(t),  x(h(t)). 


where  the  argument  h(t)  has  intervals  of  constancy.  In  I2l  ,  equations  with 


h(t)  =  [tj  ,  h(t)  =  [t-nl,  hit)  =  t-nlt]  have  been  considered,  where  [t]  desig¬ 


nates  the  greatest -integer  function  and  n  is  integer.  In  (ll  ,  EPCA  of  advanced 


type  have  been  studied,  ;ind  exjuations  with  both  delays  and  advances  of  the 


argiment  have  been  tackkxl  in  (b). 


v’  »*.  i’ 


t'N 


t*;. 


The  aim  of  the  project  was  to  establish  existence-uiuqueness  theorems  for 
broad  classes  of  FPCIA,  obtain  signific;mi  results  on  stability  and  asymptotic 
behavior  of  solutions,  conduct  a  thorough  analysis  of  oscillatory  and  periodic 
properties  of  solutions  to  these  equations  and  systems  of  equations. 

B.  SUNMARY  OF  THE  MOST  IMPORTANT  RESUl/fS 

1.  The  studies  conducted  according  to  the  project  considerably  clarified  the 
place  of  equations  with  piecc'wise  constant  argument  in  the  general  theory  of 
functional  differential  equations.  This  research  shows  that  all  types  of  l-PCA 
(retarded,  neutral,  advanced)  share  similar  characteristics.  First  of  all,  it 
is  natural  to  pose  initial-value  and  boundary-value  problems  for  such  equations 
not  on  an  interval  but  at  a  number  of  individual  points.  Secondly,  in  ordinary 
differential  equations  with  a  continuous  vector  field  the  solution  exists  to 
the  right  and  left  of  the  initial  argument  value.  For  retarded  functional 
differential  equations  this  is  not  necessarily  the  case.  Moreover,  it  appears 
that  advanced  equations,  in  general,  lose  their  margin  of  smoothness,  and  the  met¬ 
hod  of  successive  integration  shows  that  after  several  steps  to  the  right  from 

the  initial  interval  the  solution  may  even  not  exist.  However,  two-sided  solutions 
do  exist  for  all  types  of  EP(^.  Finally,  of  particular  importance  was  the 
study  of  oscillatory  aud  periodic  solutions  to  HP(IA,  since  it  enabled  one  to  ex¬ 
plore  interesting  properties  which  arc  caused  by  the  deviating  argmient  and  which 
do  not  appear  in  the  corresponding  ordinary  differential  equations. 

2.  Although  some  oscillatory  properties  of  FPCA  were  mentioned  in  [1,2,3]  ,  the 
first  consistent  attenpt  in  this  direction  was  made  in  [4].  Recently,  new  re¬ 
sults  on  oscillatory  and  periodic  solutions  of  retarded  FPCA  have  been  discovered 
in  [7]  ,  and  of  advanced  FPCA  -  in  l8l  .  Currently,  there  are  few  results  cxi 


the  oscillation  of  linear  systems  with  delay.  The  first  study  of  oscillatory 
properties  of  linear  systems  with  piecewise  constant  argument  [t]  has  been 
initiated  in  [9].  Paper  [4]  is  concerned  with  the  oscillatory  properties  of 
the  equations 

/ 

X  (t>  ♦  a  (t)x(t)+  p(t)x((t))  =0 
and 

x^(t)+a(t)x{t)  +  q(t)x([t+l])  =0, 

where  a(t),  p(t),  and  q(t)  are  continuous  on[o,  “),  iind  [t]  is  the  greatest- 
integer  functiCTi.  Sufficient  conditions  are  given  under  which  these  equations 
have  oscillatory  solutions.  The  conditicMis  are  the  "best  possible"  in  the 
sense  that  when  a,p,  and  q  are  constants  the  conditions  reduce  to 
p>a/(e^-l)  and  q<-ae^/(e^-l), 

which  are  necessary  and  sufficient  conditions.  Sufficient  conditions  under 
which  linear  differential-difference  equations  with  several  argument  deviations 
have  oscillatory  solutions  only  have  been  established  in  [4]  ,  too.  These 
theorems  generalize  the  corresponding  results  obtained  in  110-13)  .  Finally, 
oscillatory  properties  of  solutions  to  linear  equations  with  linear  transformat¬ 
ions  of  the  argument  have  been  also  discussed  in  14)  .  Such  equations  have 
been  studied  earlier  in  a  nunber  of  other  works,  including  [14-19). 

3.  One  of  the  significjint  achievem«its  of  the  project  was  the  discovery  and 
deep  investigation  of  a  new  type  of  differential  equations  with  piecewise  constant 
argument -equations  of  alternately  retarded  and  advanced  type.  A  comprehensive 
study  of  the  et^uation 

x^(t)  »  ax(t)  ♦  bx([t  ♦  tj) 

has  been  given  in  1201  .  This  equation  is  of  considerable  interest  since  the 
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argunent  deviation 

T  (t)  =t-[t  +  *5  ] 

changes  the  sign  in  each  interval  (n-'j,  n+  '^1.  with  integer  n.  Indeed,  T  (t)<  0 
tor  n  -  la  <t  <n  and  T  (t)  >  0  for  n<t<  n  +  ’a,  which  nie^uis  that  the  above  equation 
is  alternately  of  .advanced  ;ind  retarded  type.  The  function  T(t)  is  periodic 
of  period  1,  and  T(t)  =  t  for  t(:,(-*a,'^  ).  We  see  that  the  given  equation  is 
of  advanced  type  on  each  interval  [  n  -'a,nl  ;uul  is  o(  retarded  type  on  each  in¬ 
terval  (n,n  +  ’a).  Ihis  comjilicates  the  asymptotic  behavior  of  the  solutions  , 
generates  two  essentially  different  conditions  for  oscillations  in  each  inter¬ 
val  (n-'i,  n+h) ,  and  leads  to  interesting  properties  of  periodic  solutions. 

Some  other  equations  of  alternately  retarded  and  advanced  type  have  been  tackled 
in  (21 J  .  Tile  conclusions  of  [20]  .'md  [21]  have  l>een  extended  to  broader  classes 
of  EPCA  in  [22]  .  Exploration  of  such  extremely  interesting  equations  of 
alternately  retarded  and  advanced  argunent  should  be  continued. 

4.  New  interesting  results  on  the  existence  of  periodic  solutions  to  linear 
delay  differential  equations  with  piecewise  constant  deviating  argument  have 
been  obtained  in  [7]  .  Tlie  type  of  equation  studied  there  is 

(t)  +a(t)x(t)  +  b  (t)  x  (  [t-1] )  =0, 

vdiere  a  (t)  and  b(t)  are  continuous  functions  on  [0,  oo^  A  sufficient  condition 
is  given  under  which  the  equation  has  oscillatory  solutions,  and  this  condition 
is  the  "best  possible"  in  the  sense  that  when  a  and  b  are  constants  the  condi¬ 
tion  reduces  to 

b^s'^/4(e®-  1) 

which  is  a  necessary  and  sufficient  condition.  In  case  of  constant  coefficients 
conditions  are  found  under  which  oscillatory  solutions  are  periodic.  Let  bX), 
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then  every  oscillatory  solution  of  the  above  equation  is  periodic  of  period  k 
if  and  only  if 

b  =  ae^Ae‘‘-l)  and  a  =  -In  (2cos..-l*"  -) 

k  ’ 

where  m  and  k  are  relatively  prime  and  m=  1,2,,..,  I(k-l)/4].  Let  Xp  X2 

be  the  roots  of  the  equation. 

.2  “n.  b  -a^^ 

X  -  e  X  +— —  (1  -  e  )  =  0 

il 

and  let  x(0)  =  ,  x(-l)  ""  c  p  If  b<0  and  “^2^1*  every  oscil¬ 

latory  solution  is  periodic  of  period  2  if  and  only  if 
b  =  -a  (e^  +  l)/(e^  -  1). 

The  most  inportant  conclusion  in  [7]  is  the  following:  if  b>0,  then  for 

given  Cq  and  c_j  the  set  of  all  equations  of  the  above  type  having  periodic 

solutions  is  countable,  'fhese  results  were  obtained  with  the  implicit 

assumption  aJ^  0  •  If  a  =  0,  then 

b  *  lim  ae^/(e^  -  1)  =  1. 
a  ►  0 

In  this  case,  the  equation 

X  (t)  +  x(  t  -  1  )  =  0 
has  periodic  solutions  of  period  6. 

5.  Stability  problems  for  differential  equations  with  certain  piece- 
wise  continuous  delays  have  been  explored  in  I  23) .  Equations  considered 
are  of  the  form 

x^(t)  =  ax(t)  +  ?a.x((t  -  irj  ), 

i»0^ 

where  a  and  a^  are  real  constants,  and  r  >  0.  The  symbol  denotes 
an  extension  of  the  usual  greatest -integer  function  and  is  dtffined  by 
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[t]^  =  n,  for  nr  ;<  t  <  (n  +  l)r,  n  =  0,  1,  2,  _ 

That  is,  [tjj.  is  a  step  function  whose  value  increases  by  one  when  t  is 
an  integral  multiple  of  r.  For  the  case  r  =  1,  this  equation  was  studied 
in  [2],  and  it  was  shown  that  the  zero  solution  is  asymptotically  stable 
if  and  only  if  all  roots  of  a  certain  asstK'iated  characteristic  polynomial 
have  moduli  less  than  one.  Here  an  extra  parameter  r  is  introduced. 


and  attention  is  directed  to  the  way  in  which  stability  depends  on  r,  as 
well  as  on  the  coefficients  a,  a^.  General  sufficient  conditions  for 
the  stability  of  the  above  differential  equation  and  of  the  equation 

x^(t)  =  ax(t)  =  Za^x(tt  -  idr]j^), 
i=0 

for  all  d,  0  <  d  <  «>,  are  obtained.  The  "first-order"  equation  with  N=0 
*s  examined  and  the  stability  region  in  the  (a,  a^)  parameter  space  is 
precisely  described.  This  is  compared  with  the  stability  region  for  the 
first-order  differential-difference  equation  with  constant  lag  r.  The 
"second- order"  equation  with  N=1  is  also  investigated  and  a  set  of  (a, 
^o’  ^1^  found  for  which  there  is  asymptotic  stability  for  every  positive 
r.  A  general  theorem  on  the  stability  of  equations  with  piecewise  con¬ 
stant  delays  is  presented  which  is  analogous  to  theorems  in  [24,  25,  26] 


relating  to  stability  of  linear  differential-difference  equations. 
Let 


bj  -  (c™  -  l)a‘*aj  (i  =  I . N), 

b„  .  e'-”*  ♦  (e--®  -  l)a-'a„  . 


f(X,  r.  A)  *  \ 


n  ♦  I  u  aU  .  ,n 
-  h^\  -  b^X 


The  symbol  f(X,  r.  A)  is  used  to  indic.ate  that  f  is  a  polynomial  in  X 
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whose  coefficients  depend  on  r  and  on  the  set  of  numbers  A=  {  a^,  .  .  .  ,  a^l. 

It  then  follows  that  a  necessary  and  sufficient  condition  for  asymptotic  stabi¬ 
lity  of  the  zero  solution  x(t)  =  0  is  that  all  roots  of  f(X,r.A)  =  0  satisfy 
I  \  I  <  1  .  Let  r  >  0  and  assume 

n 

(II. )  a  +  >;  a,  <  I). 

^  i=o  ' 


Then  there  exists  a  maximal  interval  (0,d^),  with  0  <  d^  ^  such  that  all 
roots  of  f(A,dr,A)  lie  in  |x|<  I  for  d  e  (0,d^),  and  therefore  the  zero 
solution  x(t)  =  0  is  asymptotically  stable.  Assume  that  (Hj)  holds  and  also 
(H2)  f(X,dr,A)  i  0,  for  |x|  -  l,0<d<<»  .  Then  the  given  differential 
equation  is  asymptotically  stable  for  every  positive  d.  Assume  that  (H^) 
holds  and  also 

(H3)  ftX,dr,A)  ^  0,  for  (X(  *  1,  0  <  d  <  1 

Then  the  differential  equation  is  asymptotically  stable  for  0  <  d  <  1. 
Precise  results  were  obtained  in  1221  for  the  equation 

x^(t)  =  ax  (t)  +  a^x(  1  1 1  ^  ® 

which  can  be  transformed  into 


and  then 


y  (s)  =  ray{s)  ♦  ra^  ([s]). 


f(X,r,A)  =  X  -b 


The  necessary  and  sufficient  condition  of  asyiH)totic  stability  of  the  given 
differential  equation  is  |  b^|  <  1,  which  can  be  written  as 


-Za/Ie*^**  -  1)  <  a  ♦  a^<  0. 


The  function 


F(a)  =  -a 


e"^  -  I 


I 


IS 


f: 


H 

I 
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is  readily  seen  to  be  increasing  for  a  <  0,  and  decreasing  for  a  >  0,  with 
F(0)  »  -2/r.  It  is  asynqjtotic  to  -a  for  a  ,  and  to  +a  as  a  ,  and 

lies  below  those  lines.  Therefore,  the  stability  region  has  the  appearance 
indicated  in  Fig.  1.  We  note  that  if  a  parameter  is  varied  in  such  a  way  that 
the  line  a  +  a^^.O  is  crossed,  the  root  ^  =  b^  crosses  +  1,  and  nonoscillatory 
instability  arises.  If  the  lower  boundary  in  Fig.  1  is  crossed,  the  root  X=b^ 
crosses  -1,  and  oscillatory  instability  arises.  Observe  that  as  r  0^,  the 
stability  region  expands  to  cover  the  region  a  +  a^  <  0,  whereas  as  r  ->  +  «>, 
the  stability  region  reduces  to  a  quarter  plane.  In  fact,  we  have  the  fol¬ 
lowing  result.  The  given  differential  equation  is  asyn^totically  stabe  if  and 
only  if  -2a/  (e  -  1)  <  a  +  a^  <  0.  The  region  of  stability  in  the  (a,aQ)  -plane 
decreases  as  r  increases.  The  regicai  of  stability  for  all  delays  r,  0<r  < 
is  the  set 

{  (a,a^)  :  a  <  0,  a£  a^  <  |a|  } 

The  region  in  Fig.  1  may  be  con^ared  with  the  stability  region  for  the  dif¬ 
ferential-difference  equation 

x^(t)  »  ax(t)  +  a^x  (t  -  r). 

This  region  is  defined  by  g(a)  <  a^  <  -a,  a  <  1/r,  where  g  is  a  certain  function 
for  which  g(0)  *  7r/2r,  g(l/r)-  -1/r,  and  g(a)  is  asynqptotic  to  the  line  a^^a 
as  a  This  region  is  similar  to  that  in  Fig.  1,  but  for  fixed  r  does  not 

extend  to  the  right  of  a=  1/r. 

6.  In  [  27]  the  study  of  boundary-value  problems  for  differential  equations 
with  reflection  of  the  argument  was  initiated  for  the  firt  time.  This  is  one 
of  the  in^ortant  contributions  of  the  project,  and  the  work  on  such  problems  was 
continued  in  (28,  29,  30] .  Equations  with  reflection  of  the  argu- 
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mcnt  represent  n  pni  ficukir  case  4>r  ilii  iVri'nt  i;il  ccin.ii  ions  with  involutions 
which  were  discovered  in  131-34],  Important  in  their  own  right,  they  have 
applications  in  the  investigation  of  stability  of  tli fferent ini -difference 
equations  [35-39  J.  Ini  t  ial- value  problem.s  for  e(iuations  with  involutions 
have  been  considered  in  mmierous  papers.  A  survey  of  results  in  this 
direction  was  given  in  [40  |.  However,  research  on  boundary-value  problems 
for  such  equations  remains  developed  insuf I  icient ly.  Paper  \2'I  \  is 
concerned  with  existence  ;uk1  miiquiMiess  of  solutions  of 
y^[x)  -  f(x,  y(x),  yl-x)) 
with  the  boundary  coiuliti(»ns 

yi-al  =  y^^,  y(a)  =  y  ^ 


y  (  -al  liy(-a)-(),  y  (a)+ky{a)  =- o. 

iiie  method  usevl  is  liie  SiIuukU'c  fixed  ptunt  theoinii  in  the  ca.i-  of  geaoial  f, 

and  in  the  case  wIk'ii  f  is  liin'ar  the  i-<juati(>M  with  reflection  is  dianged  to  a 

higher-order  or<Jiiuiiy  ili  fferent  ial  equatii*)).  Currently,  we  arc-  isxjiloi  Ing  third- 

tuder  boundary- value  j>rol'lems  for  differential  equations  with  in.  ih'i  t  ion  of 

u 

tlie  argument.  ° 


Fig.  1.  Till!  stability  region  lies  below  the  line  +  a  =  0,  and  above  th 
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